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Lattice-QCD Determinations of Quark Masses and the Strong Coupling αs

Quantum chromdynamics (QCD) as a stand-alone theory has 1 + nf + 1 free parameters that must be set
from experimental measurements, complemented with theoretical calculations connecting the measurements
to the QCD Lagrangian. These parameters are the strong coupling αs (at some scale), the nf quark masses
(six so far), and the vacuum angle θ that multiplies the gauge-invariant CP -violating combination of gluon
fields (in the basis with real quark masses). The importance of these parameters is pervasive in particle and
nuclear physics. For example, for the 2013 Snowmass Study, Lepage, Mackenzie, and Peskin [1] studied
how precise αs and the bottom and charmed quark masses should be to serve the needs of Higgs-boson
measurements at the ILC or other lepton-collider Higgs factory. In this LOI, we assess what lattice QCD
can contribute to the determination of αs and quark masses.

In lattice QCD, the determination of quark masses is conceptually very simple: compute hadron masses
and adjust the bare quark masses so that nf hadron masses agree with experiment. Here, nf = 5, because
the top quark mass is much too large compared with the ultraviolet cutoff associated with the nonzero lattice
spacing. Ideally, the chosen hadron masses are sensitive to one quark mass but not so much to the others.
Examples include the pion and kaon masses for light and strange quarks and either quarkonium or heavy-
light meson masses for b and c quarks. In addition to these nf masses, a further hadronic observable is
needed to convert from lattice units to physical units. Ideally, this mass is not very sensitive to quark masses
or can be combined with the pion or kaon mass to set two parameters by interpolating in a plane.

This procedure is complicated by mass renormalization in quantum field theory. It doesn’t make much
sense to quote bare lattice masses, and perturbative-QCD calculations are usually renormalized in the MS
scheme of dimensional regularization. Here we focus on three approaches:

1. renormalize the bare mass in a regulator-independent scheme and, after taking the continuum limit,
convert to MS at a high scale;

2. compute quarkonium observables, take the continuum limit, and analyze the results with MS pertur-
bation theory;

3. exploit effective field theory to bridge from lattice QCD to continuum QCD—in practice “continuum”
means MS.

The last two methods are useful only for heavy quarks, employing perturbation theory the scalemQ. Heavy-
quark masses can be propagated, however, to light-quark masses using regulator- and renormalization-
independent ratios of quark masses. These lattice-QCD methods do not require lattice perturbation theory
(which is cumbersome and, thus, available at one or at most two loops). Of course, lattice perturbation
theory can be used in the analysis to reduce systematic uncertainties.

Let us compare three results in the MS scheme, one from each method, evaluated at the scale in paren-
theses::

mc(3 GeV) = 989.6(6.1) MeV [2], (1)

mc(3 GeV) = 985.1(6.3) MeV [3], (2)

mc(3 GeV) = 983.7(5.6) MeV [4], (3)

The dominant uncertainties differ greatly. For example, the uncertainty from truncating of perturbation
theory is important in the second determination [3], but subdominant in the first [2] and negligible in the
last [4]. From recent reviews [5, 6], one can see that other results for the second method [7–9] agree well
with the displayed result. The uncertainties on the other quark masses range from subpercent (bottom) to
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2% (up). They still fall short of the ILC target [1] but seem sufficiently precise for LHC measurements of
Higgs-boson branching fractions.

It is worth noting that the most precise results [2–4] all depend on the same set of ensembles of gauge-
field configurations, generated by the MILC Collaboration [10, 11] and often known as the “HISQ ensem-
bles”. These ensembles have the widest available range of lattice spacing, uniformly high statistics, and
physical light-quark masses in the sea. It will be important for the community to support other lattice-QCD
collaborations in their efforts to generate a set of ensembles of similar power. Other precise work [9] also
employs the HISQ approach.

Most determinations of the strong coupling αs follow strategies similar to those for quark masses. The
observables are now dimensionless and contain a short distance, so they admit a perturbative expansion,
much like the observables used to determine αs from high-energy scattering and heavy-particle decays. The
most obvious short distance in lattice QCD is the lattice spacing. Thus, in addition to methods based on the
continuum limit, it is possible to apply perturbation theory to small Wilson loops and study various com-
binations with differing ultraviolet sensitivity [7, 12, 13]. On the other hand, a continuum-limit observable
must contain a short-distance scale. In this way, the quarkonium observables that yieldmb andmc also yield
αs. Another approach is to use a small finite volume, L3, and study the running of αs(1/L) over a wide
range of scales (1/L) [14, 15].

Considering the wide variety of methods, the reviews quote lattice-QCD averages

αs(mZ) = 0.1182± 0.0008 [5], (4)

αs(mZ) = 0.11803+0.00047
− 0.00068 [6], (5)

for 5 active flavors. Note that Ref. [5] finds a combined total uncertainty 0.0006 from the lattice-QCD results
alone, in agreement with Ref. [6]. The error bar quoted in Eq. (4) comes from an assessment of the common
uncertainty in all (lattice or non-lattice) αs determinations, namely the truncation of perturbation theory.

During the Snowmass Study, we LOI authors are interested in exploring what the lattice-QCD precision
of the quark masses and αs implies for QCD at high-energy colliders. Note that some collider determinations
of αs agree well with Eqs. (4) and (5), others do not. One should bear in mind that the perturbation theory
entering most lattice-QCD determinations is relatively simple: the pattern of nonperturbative contributions
is understood and can be controlled. Resummation of large logarithms seems to be unnecessary, as a rule,
although at higher orders one should be attentive to to soft scales such as αsmQ or αs/L. In several
meetings of EF05 and EF06, participants have eagerly anticipated future lattice-QCD calculations of parton
distribution functions (PDFs). We share this enthusiasm. To further the understanding of these yet-to-come
calculations, we point out that the uncertainty budgets for αs, mb, and mc share many features with the
PDFs but are much simpler. Thus, the already-published results for these quantities provide non-experts a
place to deepen their practical understanding of lattice QCD.

In our own research, we are pursuing two new determinations of αs. One (by Fermilab Lattice and
MILC) is an independent analysis of quarkonium moments, with data already generated. The other (by
TUMQCD) is an analysis of the static energy [16] exploiting some of the ideas from our work on quark
masses [4], again with data already generated. Both analyses are of high priority. On the other hand, the
quark masses quoted [Eqs. (1)–(3)] are precise enough to last until the ILC (or other lepton-collider Higgs
factory). At that time, the total uncertainties in αs, mb, an mc should be (approximately) halved [1]. To
reach such precision, interesting theoretical issues related to electromagnetic effects must be addressed. In
the meantime, it is important for other lattice-QCD collaborations to match our precision on quark masses,
and for everyone to improve the uncertainties on αs, both quantitatively and qualitatively.
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