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1 The general amplitude AK→π`+`−(s)
Chiral perturbation theory describes QCD at low energies in particular kaon decays. Rare
and radiative kaon decays have been extensively studied; for instance the CP-conserving
decays K(p) → π(k)`+`− are dominated by the long-distance process K → πγ∗(q) →
π`+`− and the decay amplitudes can in general be written in terms of one form factor
Wi(z) (i = ±, S):

A
(
Ki → πi`+`−

)
= − e2

M2
K(4π)2Wi(z)(k + p)µū`(p−)γµv`(p+) , (1)

z = q2/M2
K ; Wi(z) can be decomposed as the sum of a polynomial piece plus a non-

analytic term, W ππ
i (z), generated by the ππ loop, completely determined in terms of the

physical K → 3π amplitude. Keeping the polynomial terms up to O(p6) we can write [1]

Wi(z) = GFM
2
K (ai + biz) + W ππ

i (z) , (2)

where the parameters ai and bi parametrize local contributions starting respectively at
O(p4) and O(p6) and fitted to the K → π`+`− data. For instance NA62 experiment
collected physics data between 2016 and 2018 obtaining for K+ → π+µ+µ− [2]

aµµ+ = −0.592± 0.015, bµµ+ = −0.699± 0.058 . (3)

Our general program is to predict rare kaon decay amplitudes. In particular we have
already studied the K → π`+`− amplitudes in eq. (1). So far, several results have been
established [3, 4]

1. we have obtained a general representation of W ππ
i (z) accounting for all contributions

due to pion exchanges at the two-loop level; we have shown that the representation
proposed earlier in ref. [1] provides a very good description of the full result in the
experimentally relevant range of z;
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2. we have obtained an exact matching to short distance operators, which are i) four
quark operators

L∆S=1
non-lept(x) =

(
−GF√

2
VusVud

)
×

6∑
I=1

CI(ν)QI(x; ν). (4)

and ii) direct ∆S = 1 leptonic operators

L∆S=1
lept (x; ν) = −GF√

2
V ∗usVudC7V (ν)Q7V (x), (5)

with Q7V = (s̄idi)V−A(¯̀̀ )V . We then write the s−dependent amplitude as [3, 4]

AK→π`+`−(s) = −e2 × ū(p−)γρv(p+)× 1

s
×
{
i

∫
d4x 〈π(p)|T{jρ(0)L∆S=1

non-lept(x)}|K(k)〉

−
(
GF√

2
VusVud

)
× C7V (ν)

4πα
× s× 〈π(p)|(s̄γρd)(0)|K(k)〉

}
(6)

= −e2 × ū(p−)(6k − 6p)v(p+)×
WLD
Kπ(z; ν) +W SD

Kπ(z; ν)

16π2M2
K

such that the dependence on the short-distance scale cancels between the two con-
tributions, at leading [3] and at next-to-leading [4] orders in perturbative QCD;

3. we have proposed a research program based on a dispersive approach in order to
obtain the long-distance part of WLD

Kπ(z; ν) and thus predict the parameters ai and
bi through dispersion-relation sum rules. This aspect will be further developed in
the next section;

4. we have also considered various fits to the data available at the time of ref. [3]. In
particular, we have pointed out the possibility, in the case of K± → π±`` and given
higher statistics, to perform a fit not only with respect of the parameters a+ and b+,
but also to the slope β+ of the K → πππ Dalitz-plot that enters in the expression of
W ππ

+ (z) and which is only poorly determined (at the ∼ 35% level) from global fits
to the K → πππ Dalitz-plots;

2 The two-pion intermediate state contribution to AK→π`+`−(s)
In eq. 6 we have written a decomposition of the amplitude in terms of two parts, domi-
nated by long and by short distances, respectively. The determination of the latter is not
problematic, since the relevant hadronic matrix element is available from the measurement
of the form factors in K`3 decays. For the long-distance component, we have proposed
in [3] a phenomemological approach based on a decomposition of the type

WLD
Kπ(z; ν) = W ππ

Kπ(z) +WKπ
Kπ (z) +WKK̄

Kπ (z; ν) +W res
Kπ(z; ν), (7)

where the intermediate states producing the lowest-lying thresholds, here ππ, Kπ andKK̄,
have been singled out, whereas the intermediate states corresponding to thresholds above
∼ 1 GeV are described in an inclusive manner by an infinite set of narrow resonance states,
in the spirit of a large-Nc representation of the matrix element. The residues and masses
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of these resonances have to be tuned in order to correctly reproduce the short-distance
behaviour required by QCD, such as to correctly match the QCD scale dependence of
the short-distance component. This aspect is well understood and has been given an
appropriate treatment in refs. [3, 4]. The few explicit intermediate states with thresholds
up to ∼ 1 GeV, are to be treated in a dispersive manner, assuming unsubtracted dispersion
relations.

A first illustration of this procedure has been given in [3], including only the elastic
ππ P-wave channel (i.e. the ρ meson),

W ππ
i (z) =

∫ ∞
4M2

π

dx
ρππi (x)

x− zM2
K − i0

. (8)

The absorptive part consists of the two-pion spectral density ρππ+ (s), and is obtained upon
inserting a two-pion intermediate state in the representation of the form factor given in
eq. 6, for instance

ρππ+ (s) = 16π2M2
K ×

s−4M2
π

s θ(s− 4M2
π)× F πV (s)×

fK
±π∓→π+π−

1 (s)

λ
1/2
Kπ(s)

. (9)

The pion form factor F πV (s) and the P-wave projection of the scattering amplitude for
K±π∓ → π+π− were constructed by a simple unitarization procedure from their known
low-energy expansions. Efforts towards improving on this simple approach are underway.
Once the dispersive machinery is available, other intermediate states, like Kπ or even KK̄
will also be considered, in a multi-channel approach.

3 Rare kaon decay modes induced by two-photon exchanges

The rare kaon decays studied in the preceding sections proceed through the exchange of
a single virtual photon, K → πγ∗ → Kπ`+`−. We conclude this short notes by briefly
mentioning that we are also planning to investigate the possibility of addressing rare kaon
decays proceeding through the exchange of two virtual photons with a similar approach.
Considering for instance the case of KS,L → `+`−, we have again a decomposition of the
amplitude into a short-distance dominated part [5] [a similar expression can be written
with K0 replaced by K̄9],

ASD(K0 → `+`−) = −
√

2GFm`
α(MZ)

π sin2 θw
ū(p−)iγ5v(p+)FK [V ∗tsVtdY (xt) + V ∗csVcdYNL] ,

(10)
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and a part dominated by long distances, which can be written as

ALD(K0 → `+`−) =

= −e2

(
−GF√

2
VudV

∗
us

)∫
d4q

(2π)4

1

q2

1

(k − q)2
ū(p−)γρ

1

[6p− − 6q −m`]
γτv(p+)

×
∫
d4x

∫
d4y eiq·y ei(k−q)·x

[∑
I

CI(ν)ie2 〈0|T{jρ(y)jτ (x)QI(0; ν)}|K0(k)〉

− (k − q)2δ4(x)C7V (ν) 〈0|T{jρ(y)[s̄γτ (1− γ5)d](0)}|K0(k)〉

− q2δ4(y)C7V (ν) 〈0|T{jτ (x)[s̄γρ(1− γ5)d](0)}|K0(k)〉
]

+ e2

(
−GF√

2
VudV

∗
us

)
C7A

∫
d4q

(2π)4

1

q2
ū(p−)γρ

1

[6p− − 6q −m`]
γτγ5v(p+)

×
∫
d4y eiq·y 〈0|T{jρ(y)[s̄γτ (1− γ5)d](0)}|K0(k)〉

+ e2

(
−GF√

2
VudV

∗
us

)
C7A

∫
d4q

(2π)4

1

(k − q)2
ū(p−)γτγ5

1

[6p− − 6q −m`]
γρv(p+)

×
∫
d4x ei(k−q)·x 〈0|T{jρ(x)[s̄γτ (1− γ5)d](0)}|K0(k)〉. (11)

This expression has been written such as to make the role played by the operator Q7V and
its Wilson coefficient clear. The time-ordered product of the electromagnetic current with
the four-quark operators is singular at short-distances, and needs to be renormalized.
The corresponding singularity is absorbed by the bare coefficient C7V , which becomes
renormalized. After this renormalization, both the time-ordered product and C7V depend
on the renormalization scale ν. The task that needs to be done is to simultaneously
obtain a determination of the hadronic matrix elements appearing in this expression, and
to correctly match the different contributions such that the sum does no longer depend,
at a given order, on the renormalization scale ν.
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