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String theory unifies gravity and Yang-Mills theory in
a UV finite quantum theory that is expected to shed
light on the dynamics of black holes and the early uni-
verse. The theory may be approached from a number of
complementary angles. String perturbation theory is a
topological expansion in powers of the string coupling gs
obtained by summing over random fluctuating surfaces.
The low energy expansion in powers of the string scale α′

is given by supergravity plus higher order string correc-
tions to supergravity encoded in local effective interac-
tions. Supergravity is valid for low energy but holds for
all values of gs while string perturbation theory is valid
for small gs but holds for all energies. The gauge/gravity
correspondence formulates string theory in certain hy-
perbolic space-times via correlators in Yang-Mills theory.
At the intersection of these approaches, effective interac-
tions are calculable in string perturbation theory or in
the gauge/gravity correspondence, and may be able to
predict physical effects observable at low energy.

Superstring perturbation theory has grown into a rich
subject whose study has revealed deep connections with
quantum field theory amplitudes, D-brane and black hole
dynamics, gauge/gravity duality, algebraic geometry and
modular forms. At the heart of superstring perturbation
theory are superstring amplitudes – primarily considered
for massless gravitons, gauge bosons and their respective
supersymmetry partners (see for example [1, 2] for videos
of recent lectures). Following the discovery of Type I [3],
Type II [4], and Heterotic strings [5], much of the for-
malism of superstring perturbation theory dates back to
the 1980’s (see [6, 7] and references therein).

The developments of the past 20 years have dramati-
cally advanced the explicit computation of a significant
number of string amplitudes, and sharpened our under-
standing of the formalism. This progress was driven by a
confluence of ideas from different formulations of the su-
perstring, including the Ramond-Neveu-Schwarz (RNS)
formalism [8, 9] and the pure-spinor formalism [10–12],
whose interrelation was clarified in [13]. In particular,
the two-loop four-graviton amplitude was computed in
the RNS formulation in [14] and extended to include ex-
ternal fermions in the pure-spinor formulation [15, 16].

The mathematical structure of the RNS formulation, in-
cluding the role of supermoduli, was revisited and sub-
stantially clarified in [17–19]. Two-loop contributions to
the cosmological constant in orbifold compactifications
were evaluated in [20, 21].

Many of these results enjoy unexpected simplicity and
exhibit a wealth of hidden structure related to field-
theory amplitudes. In particular, the interplay between
open and closed string amplitudes, illustrated by the
Kawai-Lewellen-Tye (KLT) relations at tree-level [22]
and chiral splitting in terms of internal loop momenta at
arbitrary loop order [23], are intimately connected with
the double-copy construction of supergravity amplitudes
in terms of their Yang-Mills counterparts [24]. This con-
nection was shown in [25, 26] to underly the double-copy
construction of many supergravity amplitudes [27, 28]
and stimulated the construction of the two-loop five-point
function in [29]. Studies of the ultra-violet divergences
in supergravity at five-loop order [30] were preceded by
a corresponding analysis based on string theory [31].

Just as string theory elegantly explains far-reaching
properties of field-theory amplitudes, the evaluation of
string amplitudes also benefits from field-theory struc-
tures. For instance, the open superstring tree-level ampli-
tudes themselves admit a double-copy construction [32]
akin to the KLT relations for gravitational amplitudes
[33] with first loop-level extensions proposed in [34]. The
analogous double-copy constructions of the open bosonic
string or gauge-gravity couplings of heterotic strings in-
volve a massive gauge theory [35] whose study was moti-
vated by conformal-supergravity amplitudes [36].

String perturbation theory provides powerful tests of
some of the many dualities that relate different pertur-
bative superstring theories [37, 38] (see [39] for an early
overview). For example, SL(2,Z) self-duality of Type IIB
string theory requires the coefficients of low energy ef-
fective interactions to be modular functions or forms in
the axion-dilaton field [40, 41], while space-time super-
symmetry requires them to obey differential equations
[42]. Torus compactifications of Type IIB superstrings
give rise to higher-rank duality groups whose automor-
phic forms are reviewed in [43]. The resulting relations
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between the coefficients of various effective interaction
were tested successfully against the perturbative super-
string predictions to one, two, and three loop orders in
[44, 45], [46–48] and [49], respectively.

The interplay of dualities and the low energy expan-
sion of superstring amplitudes results in exciting and un-
expected algebraic and arithmetic structure. Already at
genus zero, the pattern of Multiple Zeta Values (MZVs)
in higher-point functions is elegantly understood in terms
of Hopf-algebra structures of motivic MZVs and the Drin-
feld associator [50, 51]. Furthermore, the closed-string
low-energy expansions at tree level can be obtained from
open strings through a formal operation on MZVs [52–
55], the so-called single-valued map. At one loop and
beyond, string amplitudes produce a wealth of elliptic
and modular generalizations of MZVs. Closely related el-
liptic polylogarithms not only drive open-string [56] and
closed-string [57] computations but are also improving
the techniques available to evaluate elliptic Feynman in-
tegrals [58, 59]. Uniform transcendentality, familiar from
dimensionally regularized Feynman integrals, enjoys a
string amplitude counterpart in its α′ expansion at tree
level [60, 61] and in [62–64] at one-loop order.

The low energy expansion of closed-string amplitudes
at one-loop order and beyond has introduced fascinat-
ing families of non-holomorphic modular forms, dubbed
modular graph functions [65–67] and forms [68, 69] (see
[70] for an overview) which led to further research, for
example in string theory [71–75] and in mathematics
[76–78]. Their description via iterated integrals of holo-
morphic objects sheds new light on the relation between
open and closed strings through the single-valued map
[79, 80] and related single-valued integration [81, 82] and
Betti-deRham duality [83, 84]. The study of higher-genus
modular graph functions and forms [85] and their gener-
alizations to tensors [86] has just begun and is expected
to involve strong ties with open-string amplitudes, non-
holomorphic Siegel modular forms [87], and new function
spaces for Feynman integrals in quantum field theory.

Many questions related to string perturbation theory
remain open to future exploration. An immediate goal is
to push for explicit calculation of open and closed string
amplitudes, both at higher multiplicity and higher loop
order. Although a precise RNS formulation of super-
string amplitudes is available in terms of integrals over
supermoduli space, the intricate structure of this space
[88] promises any practical calculations beyond two-loop
order to be daunting. A further goal is to extract practi-
cal rules for supermoduli, possibly using vertical integra-
tion [89]. Although the manifest supersymmetry of the
pure spinor formulation simplifies the evaluation of nu-
merous superstring amplitudes, higher multiplicities and
loop orders are marred by divergences in the λ-ghost in-
tegrals and the difficulty in evaluating non-trivial b-ghost
correlators. Another goal is to resolve these divergences

and find a method for evaluating the b-ghost correlators.

Concerning the interplay of open and closed strings, it
will be valuable to search for loop-level generalizations of
the KLT relations [90] and the single-valued map and to
explore their implications for the double-copy structure
of supergravity amplitudes. Relatedly, recent calcula-
tions of Yang-Mills correlators for finite gauge coupling
in the large N limit [91, 92] promise to shed new light
on the SL(2,Z) duality of Type IIB strings via hologra-
phy, and on the string uncertainty principle. Other goals
include exploring the relation between string field the-
ory and string perturbation theory, and gauge/gravity
duality via string and Mellin amplitudes in AdS [93–96].
Finally, applications to black hole and gravitational wave
physics will certainly gain further importance [97, 98].
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