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Abstract: In the previous work1 we introduced persistent Betti numbers to characterize topological struc-
ture of jets. These topological invariants measure multiplicity and connectivity of jet branches at a given
scale threshold, while their persistence records evolution of each topological feature as this threshold varies.
This study provides a topological tool to develop jet taggers and opens a new angle to look into jet physics.
As an application, we plan to use this tool to construct topological light-quark and gluon-jet classifiers and
topological taggers for boosted heavy jets. Moreover, we plan to extend the study on jet topology to jet
morphology by properly including geometric elements into this topological observable scheme. At last, we
would apply this methodology to event-level data analysis at colliders.
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1 Introduction

The spray of constituents in a jet are a manifestation of the nature (flavor, QCD charge, four momentum,
etc.) of its ancestral particle. Their energy profile inherits from the kinematics of the shower-produced
partons. Measuring jet structure thus may decipher the relevant information on its ancestral particle. These
features can on the one hand assist tagging jet flavor, and on the other hand, deepen our understanding on
jet dynamics. We introduce persistent Betti numbers2;3 to characterize topological structure of jets. These
topological invariants measure multiplicity and connectivity of jet branches at a given scale threshold, while
their persistence records evolution of each topological feature as this threshold varies.

The topological features of jet structure can be captured using a connected planar graph, where the jet
constituents are viewed as sparse samplings of jet profile and define the vertices of this graph. Here we take
Delaunay triangulation (DT)4 to make the jet DT graph Gref . The topological features of jet branches above
and below ζ are then encoded as Betti numbers of the superlevel G(ζ) and sublevel sets Ḡ(ζ), defined as

G(ζ) = Gref{jet constituents i | ζi ≥ ζ} , Ḡ(ζ) = Gref{jet constituents i | ζi < ζ} . (1)

Betti number βi 5 is the rank of the i-th Homology group in algebraic topology. In our case, β0, β1 and β2
count the numbers of the connected components, holes and voids of the topological space, respectively. For
the convenience of discussions, we define ζ = pT

pJetT

as a normalized scale. The averaged Betti numbers of
jet constituents above ζ, for q and g jets simulated and clustered with different methods, are shown in the
right panel of Fig. 1 (See1 for more details).

Figure 1: Left: Averaged Betti numbers of the superlevel sets above ζ, for the light-quark and gluon jets
(100GeV < pT < 350GeV). Right: Branch phylogenetic trees for the two typical light-quark (w/ two
branches) and gluon (w/ four branches) jets.

Morse theory6 plays another important role when studying topological structures of jets. It states in
our context that the topology of G(ζ) changes only if ζ passes some vertex of Gref or jet constituent. This
allows the birth, growth and death of each topological feature to be persistently recorded by evaluating the
impact of every Gref vertex passed by ζ, as ζ varies, and hence makes sense of its evolution. Particularly,
with the persistent knowledge of β0, we will be able to build the branch phylogenetic tree for each jet. We
show the ones in the right panel Fig. 1 for the two typical light-quark and gluon jets.

2 Proposal

In this letter of interest we propose several important directions for next-step explorations of jet topological
strucutres.
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• Build topological q- and g-jet classifiers: To develop such jet classifiers, we need to properly synergize
the observables in this topological scheme (including the information carried by the branch phyloge-
netic trees), and maybe some complementary others known to us before. This could be achieved by
using the deep neuron network (DNN) techniques. Additionally, one advantage of persistent topology
is that the persistence length can be applied to strengthening the robustness of the relevant topological
observables against topological noise. This point has been extensively appreciated by people work-
ing on topological computation3;7. In our context, we can apply, e.g., the relative lifetime of a jet
branch, as a trimming tool to remove the jet branches with a short lifetime. This will allow us to focus
on the more robust topological features in each jet, and may benefit to the classifier construction by
suppressing topological contaminations from environment (pileups, underlying events, detector noise,
etc.).

• Topological taggers for boosted heavy jets: Previously we focused on light QCD jets. But, it is a
natural thinking to extend the use of topological taggers to boosted heavy jets such as W±, Z, Higgs
and top jets, given their important role in searching for new physics at Large Hadron Collider and
even future hadron collider.

• Develop more complete jet morphology by properly including geometric elements in this topologi-
cal observable scheme: Recall, in integral geometry the shape of a D-dimensional geometric object
is characterized with D + 1 quantifiers, named Minkowski functionals8. If this object is smooth
and closed, one of these quantifiers is reduced to Euler-characteristic, via Gauss-Bonnet theorem, an
alternating sum of Betti numbers, while the other ones are purely geometric. This indicates that topo-
logical variants are not complete in characterizing jet structure and more complete jet morphology
could be developed by incorporating geometric Minkowski functionals. Given the role of Minkowski
functionals in analyzing morphology of the Cosmic Microwave Background (CMB) map9–11, doing
so will also enrich the dictionary between the collider observable scheme and the CMB one which
was built recently12.

• Apply the tool of persistent homology for the event-level data analysis at colliders. In the event-level
analysis, the constituents in each event will be all projected to the detector sphere or cylinder. The
persistent Betti numbers are expected to be applied to characterize topological structure of the whole
event. One analogue with a reversed process is the generalization of the event shape N-jettiness13 to
the jet shape N-subjettiness14. Notably, this topological observable scheme is generically insuscepti-
ble to the boost of collision events along beam direction, because of its topological nature, and hence
can be well-applied to both hadron and lepton colliders. This application can be also extended to the
resonance search, where the color of new particles may result in distinguishable topological struc-
tures in their decay products. The persistent homology thus may serve as a new type of color-flow
observables15.
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